Abstract. Recall that deformations of Hochschild cochains are controlled by a homotopy Baues algebra (B ∞ -algebra) structure, and therefore a homotopy Gerstenhaber algebra structure on the Hochschild complex. The purpose of the present article is twofold. We first answer one of the classical questions addressed to algebraic topology. Namely, we construct a B ∞ -algebra structure on singular cochain complexes, that is a differential Hopf algebra structure on their bar construction. The question goes back to the work of Adams on the cobar construction and has been solved partially by Baues, who has constructed such a structure in the particular case of 1-reduced spaces. Our second purpose is to show that these structures are compatible with the Gerstenhaber and Schack cohomology comparison theorem. A strong version of this theorem asserts that there is a cochain equivalence between the Hochschild complex of a certain algebra and the usual singular cochain complex of a space. We prove that this cochain equivalence is induced by a morphism of B ∞ -algebras. On that ground, we point out that the meaning of the Deligne Hochschild cohomology conjecture can be understood differently as it is classically (e.g. in the work of Kontsevich-Soibelman).
Introduction
D. Tamarkin's proof of Kontsevitch's formality theorem relies on the construction of a homotopy Gerstenhaber algebra (G ∞ -algebra) structure on the Hochschild cochain complex of an associative algebra. This structure, that is induced by a homotopy Baues algebra (B ∞ -algebra) structure, controls the deformations of Hochschild cohomology [17] . There is also a B ∞ -algebra structure on the singular cochain complex of a space. In the 1-reduced case, the existence of such a structure is a consequence of the work of Baues on the double bar construction [9, 18] . However the restriction to 1-reduced spaces is too strict for our purposes, and we introduce here a new B ∞ -algebra structure on singular cochain algebras. In particular, our results can be understood as a generalization of Baues' results on the bar construction as a Hopf algebra [1, 2] to all singular cochain complexes. This solves the classical question that originates in the work of Adams on the cobar construction, namely: to construct a natural differential Hopf algebra structure on the cobar construction of singular cochain algebras.
Besides, a classical theorem of Gerstenhaber and Schack asserts that, for a given triangulated topological space, there exist an associative algebra A and a quasi-isomorphism of cochain complexes between the cohomological Hochschild complex of A and the singular cochain complex of the space [10, 11] . The other purpose of the present article is to show that the result of Gerstenhaber and Schack extends to homotopy Baues algebra structures. Namely, for each triangulated topological space X, there exist an associative algebra A and a quasi-isomorphism of homotopy Baues algebras between the Hochschild complex of A and the singular cochain complex of X (Theorem 2).
This result suggests another "explanation" and other higher analogues for the Deligne Hochschild cohomology conjecture than those proposed by M. Kontsevich [13, 14] . Recall that, according to this conjecture, the Hochschild complex carries the structure of an algebra over a suitable model of the little square operads. The various proofs of the conjecture that have been proposed rely on the fact that the existence of such a structure follows from the existence of a homotopy G-algebra structure on the Hochschild complex: see [9, 12, 17, 13, 14, 18, 15, 16, 4] . According to [13, Def.9] , the conjecture should be understood as a particular case of a more general conjecture: for an algebra A over the chain operad of the little n-cubes operad (or nalgebra), a suitable higher order Hochschild complex of A can be defined as the universal (n + 1)-algebra acting on A.
We propose the following other generalization of the conjecture, in the spirit of the modern approaches to the classification of homotopy types (higher categorical algebra, E ∞ -structures). There exists a category C of algebras with the following property. For a triangulated topological space X, there exists an algebra C(X) in C, such that the singular complex of X is (up to a quasi-isomorphism of E ∞ -algebras) canonically isomorphic as a E ∞ -algebra to a cohomological complex associated to A (e.g. a complex computing Ext * (A, A)-groups or some Quillen cohomology groups). Weaker conjectures can be stated with n-algebras instead of E ∞ -algebras.
Algebras up to homotopy
In this section, we survey briefly the various approaches to the Deligne Hochschild cohomology conjecture and recall the definition of a B ∞ -algebra. We do not recall folklore definitions (e.g. what are little squares, what is an operad, etc.). Details can be found for example in [18] or [14] . A Gerstenhaber algebra, or, for short, a G-algebra, is a graded vector space V = n∈N V n provided with two operations: a graded associative and commutative product, written multiplicatively, and a graded Lie bracket
There is a prescribed relation between the bracket and the product: the bracket has to be a graded derivation of the product, that is,
where we write |x| for the degree of an homogeneous element x of V . Historically, Gerstenhaber algebras appeared independently in two classical theorems, respectively on the Hochschild cohomology of associative algebras and on double loop spaces. The first one is due to Gerstenhaber [7] :
The Hochschild cohomology of an associative algebra is provided naturally with the structure of a G-algebra.
The second one is a consequence of the work of F. Cohen on iterated loop spaces [5] :
The homology of the little disk operad is the G-algebra operad.
In particular, the Hochschild cohomology of an associative algebra is an algebra over the homology of the little square operad. Deligne Hochschild cohomology conjecture states that this algebra structure should lift at the cochain level. That is, the Hochschild complex should be naturally provided with the structure of an algebra over an operad equivalent to the chain operad of the little disk operad. A weaker form of the conjecture is that the Hochschild complex should be naturally provided with a homotopy Galgebra structure and was proven by Gerstenhaber-Voronov in 1994. The various proofs of the strong conjecture rely in fact (explicitly or not) on the construction of maps from (a model of) the chain operad of the little square operad to the G ∞ , B ∞ and homotopy G-operad, which are successive quotients. See [18] for a survey of the history of Deligne conjecture and its proofs till 1999. Recent articles on the subject by MacClure-Smith and Berger-Fresse have greatly improved the understanding of the link between homotopy G-algebras and the little square operad: see [15, 16, 4] .
As pointed out above, homotopy G-algebras were introduced by Gerstenhaber and Voronov in relation to the Deligne conjecture [12] . They are brace algebras together with a differential and an associative product, making them differential associative algebras. Some natural relations relate the braces, the product and the differential, see e.g. [19, 12, 18, 15] . The Hochschild complex is naturally a homotopy G-algebra.
The homotopy G-operad is a quotient of the B ∞ -operad. A B ∞ -algebra is a graded vector space V together with the structure of a differential graded Hopf algebra structure on the bar coalgebra of V . The notion also generalizes the notion of an A ∞ -algebra since an A ∞ -algebra is just a graded vector space together with a differential graded coalgebra structure on its bar coalgebra, see [9] . The homotopy G-algebra structure induces a natural B ∞ -algebra structure on the Hochschild complex. Besides, for a ground field of characteristic zero, the B ∞ -operad is a quotient of the G ∞ -operad and Tamarkin's G ∞ -algebra structure on the Hochschild complex is induced by the B ∞ -algebra structure. The B ∞ -operad has been introduced by GetzlerJones [9] , it is a very tractable algebraic structure because of the Hopfalgebraic definition of B ∞ -algebras.
There is also a natural B ∞ -algebra structure on the singular cochain complex of a space. In the 1-reduced case, this result is due to H.J. Baues [1, 9] . In the sequel of the paper, we will prove the results announced in the introduction as follows. First, we construct a new B ∞ -algebra structure on the singular cochain complex of a space, generalizing Baues' construction for 1-reduced spaces to all spaces (where we mean by space a simplicial set). Here, new means that our formulas, that are dictated by the corresponding formulas for Hochschild cochains, are different from Baues', even in the 1-reduced case. Besides, we avoid direct computations to prove that our formulas actually define a differential graded Hopf algebra structure on the bar construction on the singular cochain algebra of a space so that, even in the 1-reduced case, our approach seems simpler than the classical one [1, 2] . Then, we show that the cochain morphism from Hochschild cohomology to singular cohomology constructed by Gerstenhaber and Schack [10, 11] preserves the B ∞ -algebra structure on cochains. The proof of the main theorems (Thms 4-5) follows.
Hochschild and singular cochains.
Recall first the definition by generators and relations of the B ∞ -operad [18] . We write, as usual B(V ) for the cobar coalgebra over a positively graded vector space V . That is, B(V ) is the cofree coalgebra
We use the bar notation and write
In particular, the coproduct on T (V [1] ) is given by:
Since B(V ) is cofree as a coalgebra, the adjunction formulas for the cofree coalgebra functor imply that a coderivation D ∈ Coder(B(V )) is entirely determined by the composition (written as a degree 0 morphism):
where p is the natural projection. The same argument shows that the product Π on B(V ) is entirely determined by the restriction:
The condition D 2 = 0 can be rewritten as a sequence of identities for the components
, known as the Stasheff identities for A ∞ -algebras. If V is a B ∞ -algebra which is associative as a differential graded algebra, the coderivation has only two non-zero components, D 1 and D 2 , given respectively by the coboundary and the product on V . In particular, this is the case when V is either the Hochschild complex of an associative algebra or the singular cochain complex of a space [8, 1] .
The associativity condition for Π is somehow tedious to write down (see [9, 18] ). However, in the cases that are of interest to us, the components Π m,l ofΠ (given by the restrictions ofΠ to V ⊗m ⊗ V ⊗l ) are equal to zero for m > 1. In that case, the associativity condition is given by the classical brace relations (the relations that are satisfied by the brace operators of Getzler-Kadeishvili, see [8, 12] ). Besides, in that case, the fact that D is a derivation for the product is given by the relations between the brace operators and the differential for homotopy G-algebras (compare [18] and [12] ). Explicitly, these relations are:
where we write V for the identity map acting on V and T 1,i for the twisting map:
Notice that the twisted map is, as it is usual with formulas involving graded vector spaces, a signed map. That is, it has to take into account the signs induced by permutations acting on graded objects. Take care that an element of degree n in V has to be considered as an element of degree n + 1 because of the desuspension occurring in the definition of the bar coalgebra. For example:
A second family of relations to be satisfied is:
where d n and δ n are respectively the boundary map on V ⊗n induced by D 1 and the boundary map on the double sided bar construction (that is,
We write V n for the canonical projection: V −→ V n . At last, we have the brace relations:
A corollary of these observations is that a homotopy G-algebra is automatically a B ∞ -algebra, an observation originally due to Getzler-Jones in the particular case of the Hochschild complex [9, 18] .
Let us write down explicit formulas for the B ∞ -algebra structures of the Hochschild cochain complex C * (A, A) of an associative algebra A over a commutative unital ring k. Recall that C n (A, A) = Hom k (A ⊗n , A) and that the brace operations on C * (A, A) are the multilinear operators defined for x, x 1 , ..., x n homogeneous elements in C * (A, A) and a 1 , . .., a m elements of A by: {x}{x 1 , ..., x n }(a 1 , ..., a m ) := ±x(a 1 , ..., a i 1 , x 1 (a i 1 +1 , ..., a i 1 +|x 1 | ), ..., a in , x n (a in+1 , ..., a in+|xn| ) , ...a m ).
The sign in the right hand side of the formula is (−1)
. The B ∞ operations on C * (A, A) are defined as follows (all the operations for which no formula is given are equal to zero) [9] :
• D 1 is the Hochschild boundary
• D 2 is the cup product
Let us define now a B ∞ -algebra structure on the cochain complex of a simplicial set. Recall that a simplicial set is a contravariant functor from the category ∆ of finite sets [n] = {0, ..., n} and increasing morphisms to Sets. For a simplicial set S : ∆ −→ Sets, for σ ∈ S n := S([n]), and for a strictly increasing sequence 0 ≤ a 0 < ... < a m ≤ n, we write σ(a 0 , ..., a m ) for i * a (σ) ∈ S m , where i a is the unique map from [m] to [n] sending [m] to {a 0 , ..., a m }. Define a map ∆ 1,r from the singular complex of X, C * (X) to C * (X) ⊗ C * (X) ⊗r as follows (Compare with Baues [1, Fla. 1.3]). For σ ∈ X n , set:
The sign on the right hand side of the formula is (−1)
. These formulas, although we obtained them by mimicking the corresponding formulas for Hochschild cochains, are closely related (up to the signs) to the formulas of Benson for computing the Steenrod algebra action on cochains [3, Sect.4.5] . A conceptual explanation for this close relationship is that Benson's constructions for Steenrod squares translate into an action on cochain algebras of the MacClure-Smith model C of the chain operad of the little square operad , see [15, 16, 4] for details.
Dualizing ∆ 1,r , we get a map Π 1,r from C * (X) ⊗ C * (X) ⊗r to C * (X). By analogy with the case of Hochschild cochains, we also write {σ}{σ 1 , ..., σ r } for Π 1,r (σ ⊗ (σ 1 ⊗ ... ⊗ σ r ) ). These brace operations on cochains induce an algebra structure on the bar coalgebra on C * (X). In other terms, C * (X) is a brace algebra, that is, the equation (3) is satisfied by the Π 1,k s. These maps also satisfy the equations (1) and (2) (where we set: Π 0,1 = Π 1,0 is the identity of C * (X), D 1 := d is the usual singular coboundary map on C * (X) and D 2 := ∪ is the cup product of cochains). We will deduce these assertions (the validity of the identities 1-3) from the results on the cohomology comparison theorem in the forthcoming section.
The cohomology comparison theorem
Recall first Gerstenhaber and Schack's cohomology comparison theorem for finite simplicial complexes and their incidence algebras [10, 11] . Let Σ be a subset of the set of subsets of a finite set S. Then, Σ is a finite simplicial complex if, for each σ in Σ, the set of subsets of σ (viewed as a subset of S) is a subset of Σ. If |σ| = n + 1, σ is called a n-simplex of Σ. The elements of Σ are ordered by inclusion and, in particular, we can view Σ as a poset. We write ≤ for the inclusion and strict inclusion between the simplices of Σ.
To Σ are associated canonically two objects, both of which compute its simplicial cohomology. The first one, writtenΣ, is the usual barycentric subdivision of Σ. It is the simplicial set whose n-simplices are the ordered morphisms (weakly increasing maps) from the ordered set {0, ..., n} to Σ. The cohomology ofΣ is isomorphic to the simplicial cohomology of Σ.
The other object is the incidence algebra I Σ of the poset Σ: it is the algebra generated linearly (over a commutative ring k) by the pairs of simplices (σ, σ ′ ) with σ ≤ σ ′ . The product of two pairs (σ, σ ′ ) and (β, β ′ ) is (σ, β ′ ) if σ ′ = β and 0 else. This algebra is a triangular algebra. The Hochschild cohomology of such algebras can be computed explicitly by means of a spectral sequence, introduced recently by S. Dourlens [6, 5.2] . We refer from now on to [11] and [6] for the general properties of the Hochschild cohomology of triangular and incidence algebras that are recalled below.
The incidence algebra I Σ has a separable subalgebra S Σ generated as a kalgebra by the pairs (σ, σ). The n-cochains of the Hochschild complex of I Σ relative to S Σ are the elements of Hom S Σ −S Σ (I , I Σ ) is generated linearly (over k) by the maps sending a given tensor product ((σ 0 , σ 1 ), (σ 1 , σ 2 ) , ..., (σ n−1 , σ n )) to (σ 0 , σ n ), where the (σ i , σ i+1 )s belong to the set of generators of I Σ , and all the other tensor products of generators of I Σ to 0.
The Gerstenhaber and Schack cohomology comparison theorem states that there is a canonical cochain isomorphism between the singular cohomology of the barycentric subdivision of Σ and this relative Hochschild complex. See [11] (in particular sect. 23) for details, generalizations, and a survey of the history of this theorem.
Theorem 3
There is a cochain algebra isomorphism ι between the singular complex ofΣ and the relative Hochschild complex of I Σ given by:
In particular: Indeed, let f, f 1 , ..., f k belong respectively to C n (Σ),
, where m := n + n 1 + ... + n k − k. Let us also introduce the following useful convention. Let (σ i 0 , σ i 1 , k 1 , k 2 , σ i 3 , ..., σ iq , k p ) be any sequence the elements of which are either scalars, either simplices of Σ and assume that (
. Then, we have, according to the definition of the braces:
and the proof of the proposition follows.
Notice that the signs in the definition of the brace operations on cochains have been chosen precisely so that the last identity holds.
Theorem 4
The coboundary, the cup product and the brace operations define a natural differential Hopf algebra structure on the bar coalgebra on the cochain complex of a simplicial set.
We have to prove that the identities 1-3 defining a B ∞ -algebra structure hold. Since the coboundary, the cup product and the brace operations are natural transformations between tensor powers of the singular cochain functor, it is enough, by Yoneda, to prove these identities for any class of simplicial sets containing the simplices ∆ n := Hom ∆ (−, [n]). For example, we can choose the class of barycentric subdivisions of finite simplicial complexes. In that case, by proposition 1, and by definition of ι, these identities are equivalent to the same identities for the corresponding Hochschild cochains. It is therefore a consequence of the classical fact that the Hochschild coboundary, the cup product and the brace operations provide the Hochschild cochain complex with the structure of a B ∞ -algebra.
We have chosen to work with B ∞ -algebras. Notice however that the same arguments show that the coboundary, the cup product and the brace operations provide the cochain complexes of simplicial sets with a natural structure of homotopy G-algebra and, over a field of characteristic zero, of G ∞ -algebra. Besides, we also have:
Theorem 5
The morphism ι is an isomorphism of B ∞ -algebras (resp. homotopy G-algebras) between the singular cochain complex of the barycentric subdivision of a finite simplicial complex Σ and the S Σ -relative Hochschild cochain complex of the incidence algebra of Σ.
In particular, the cohomology comparison theorem of Gerstenhaber and Schack relating singular cohomology and Hochschild cohomology can be realized, at the cochain level, as a quasi-isomorphism of B ∞ -algebras (resp. homotopy G-algebras).
